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We study quintessence models with a constant (effective) equation of state. It is investi- 
gated whether such quintessence models are consistent with a negative spatial curvature 
of the Universe with respect to the anisotropy of the cosmic microwave background ra- 
diation measured by the WMAP mission. If the reionization is negligibly small, it is 
found that such models with negative curvature are admissible due to a geometrical 
degeneracy. However, a very high optical depth r to the surface of last scattering, as 
indicated by the polarization measurements of WMAP, would rule out such models. 

1. Introduction 

During the last decade, observational cosmology has made enormous progress. In 
particular, the spectacular discovery in 1992 of the temperature fluctuations of the 
cosmic microwave background (CMB) radiation by COBEnjias provided impor- 
tant clues about the early Universe and its time evolution. Although the measured 
anisotropy of the CMB (being of the order of 10^^) is q uite sm all, it sheds important 
light on several basic physical mechanisms (see Refs. '213I4J fQj. reviews summariz- 
ing the last stand before WMAP). The first findings of NASA's explorer mission 
"Wilkinson Microwave Anisotropy Probe" (WMAP) El has tremendously increased 
our knowledge of the temperature fluctuations of the CMB, since WMAP has mea- 
sured the anisotropy of the CMB radiation over the full sky with high accuracy. 
It is the purpose of this paper to test our theoretical understanding of physical 
cosmology by making use of the high quality of the WMAP data. 

One of the most important results of the cosmological observations made during 
the last few years has been that all tests of cosmology probing the nature of matter 
resp. energy in the Universe suggest that our Universe is at the present epoch not 
dominated by matter but rather by a mysterious energy with negative pressure (see 
Ref for a recent review of the state of the Universe). There are essentially two 
models to explain this new energy component which nowadays is called dark energy. 
One possibility is to identify the dark energy with Einstein's cosmological constant 
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A with a corresponding energy density ea = Ac^/(87rG) and negatiye pressure 
p\ — — £a, ass^imga positiye cosmological constant. An alternatiye explanation is 
quintessence l " l ' ^ ^ 1 where the dark energy is identified with the ener gy dens ity 
£0 arising from a time-evolying scalar (quintessence) field (j) (see Refs. Ill for 
recent reyiews). An important cosmological parameter is the equation of state of the 
dark energy component, which in the case of quintessence is given by Wc/, := p^/e^, 
where denotes the associated pressure. Quintessence models can be considered as 
generalizations of the cosmological constant and include the latter as the special case 
W0 = const. — —1. In general, the equation of state can be a function of redshift. 
In our following analysis of the WMAP data, we shall assume, howeyer, = 
const. > — 1. These models haye the property that their quintessence component is 
negligible at early times such as the recombination epoch. (There a re a lso models 
with a time-dependent which lead to "early quintessence" models^l which are, 
however, not discussed in this paper.) First of all, a constant equation of state for the 
dark energy component represents an obvious and also the simplest generalization of 
the other known energy components of the Universe which have the constant values 
Wr = 1/3 (for radiat ion) and Wi„ = (for matter). Secondly, as discussed e.g. in 
Refs. | l'^ | l^^ l -*-^ | 17 | l§ l there is an inherent theoretical limitation to determine the 
time variation of the equation of state of the dark energy component. For example, 
the luminosity distance and the angular-diameter distance cIa depend on 
through a multiple-integral relation that smears out detailed information about the 
redshift dependence of w^{z) (see Eqs. © and Q below). 

One of the most fundamental cosmological parameters is the curvature of the 
Universe. Many cosmologists seem to accept as established that the Universe is flat 
corresponding to fc = and Jltot '■= £tot/£crit = 1- Contrary to that opinion, we shall 
demonstrate that the WMAP data are consistent with certain quintessence models 
possessing a constant equation of state in a hyperbolic universe, i. e. with negative 
spatial curvature, fc = — 1, corresponding to fitot < 1, provided that the optical 
depth T is negligibly small. Our result is the consequence of the crucial observation 
that there exists a degeneracy in the space of the relevant cosmological parameters 
(l^tot, ^^0, w^), where il^ := e^/scrit is the ratio of the quintessence energy density 
to the critical density. 

2. Quintessence models 

Our background model is the standard cosmological model based on a Friedmann- 
Lemaitre universe with Robertson- Walker metric. Then the Friedmann equation 
reads (a' := da/dri,c = 1) 

where 0(77) is the cosmic scale factor as a function of conformal time 77 and H = H{'q) 
is the Hubble parameter. The last term in Eq. (Q) is the curvature term. Further- 
more, £tot := Er + £m + £4>, whcrc e-c denotes the energy density of "radiation", i. e. 
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of the relativistic components according to photons and three massless neutrinos; 

= £b + £cdm IS the energy density of non-relativistic "matter" consisting of bary- 
onic matter, Eb, and cold dark matter, ecdm, and is the energy density of the 
dark energy due to the quintessence field (p. 

In quintessence models, the energy density e0(?7) and the pressure Pcj,{r]) of the 
dark energy are determined by the quintessence potential V{(j)) 

^ ^<t>'^ + V{<jy) , ^ -V{^) , (2) 

or equivalently by the equation of state wa, = —. The equation of motion of the 
real, scalar field 0(t;) is 

(j) + 2—0 + a = , (3) 

a ocp 

where it is assumed that couples to matter only through gravitation. The various 
energy densities are constrained by the continuity equation 

a' 

4 + 3(1 + w,) - = , (4) 
a 

with the constant equation of state w,- — ^, Wm — for x = r, m, respectively, 
and w^{vi) for x = </>. It is worthwhile to remark that the quintessence field 4> 
may be regarded as a real physical field, or simply as a device for modeling more 
general cosmic fluids with negative pressure. Since is assu med to be constant, 
the potential V{(j)) is uniquely determined as shown in Refs. However, in 

solving numerically the coupled Eqs. CQl-Q no knowledge of the potential V{(j)) is 
required. 



3. Comparison with the WMAP data 

In our comparison with the WMAP data, we make the following assumptions El 
The Hubble constant Hq = h x 100 km s~^Mpc~^ is set to h = 0.70, and the bary- 
onic density parameter fib = 0.05 (i. e. fib^i^ = 0.0245) is chosen in agreement with 
the current Big-Bang nucleosynthesis constraints. Furthermore, the initial curva- 
ture perturbation is assumed to be scale- invariant (ns = 1) which is suggested by 
inflationary models. We have also studied models having a spectral index ns = 0.95, 
but the WMAP data alone, i. e. not taking into account large-scale structure data, 
prefer models having ns = I- (We do not consider a /c-dependent spectral index 
in this paper.) In addition, we have varied the Hubble constant over the range 
h — 0.64 . . . 0.72, but the best models for a fixed curvature all prefer a value close 
to h = 0.70. The optical depth r to the surface of last scattering is in this Section 
assumed to be negligibly small. In the next Section, we use the surprisingly high 
value of T found by WMAP-'^^. The CMB anisotropy of the quintessence models is 
computed using the publicly available CAMB code by Antony Lewis and Antony 
Challinor together with the quintessence module for — const, models. The an- 
gular power spectrum ST^ = lil + l)C//27r is compared with the one obtained by 
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WMAP which comprises 899 data points. The amphtude of the initial curvature 
perturbation is determined such that the value of Xcs minimized. The values of 
Xas obtained by using the FORTRAN code (provided by the WMAP team El) 
which, given a theoretical CMB power spectrum, computes the likelihood of that 
model fit to the WMAP data. 




^ B © ©COQ^ 

d d d d d d d 

Fig. 1. The values are shown in dependence on w^f, and for f2tot = 0.85, h = 0.70, r = 0.0 
and ris = 1.0 using the WMAP data. The curves with x^g = 1020, 1100, 1200 and 1300 are 
indicated. The minimum X^jjj = 1016 occurs at fi^ = 0.54, ui0 = —0.26. 

Figures n to ^ present the values of xls for the four cases fitot = 0.85,0.9,0.95 
and 1.0, respectively, in dependence on and il^. Since fitot is held fixed, the 
matter density := fib + f^cdm is given by — ^tot ~ ^0 neglecting the small 
radiation contribution. One observes that a decreasing fitot demands an increasing 
ui^, i.e. a less negative value; from fitot = 0.85 to fitot = 1-0 the equation of state 
changes from = —0.26 to = —1.0. Among the models considered, the best 
fit to the WMAP data is obtained for the model with fitot = 0.95, fi^ — 0.61 
and W0 = —0.58 belonging to the minimum at xls — ^'^^^ Figure |21 The 
corresponding angular power spectrum 5T^ is shown as a full curve in Figures |31 
and|H|and compared with the WMAP measurements. The model with fitot = 0.90, 
ilip = 0.59 and w^f, — —0.36 is almost of the same quality and belongs to the 
minimum at XcS ~ (^^^ Figure |2l compared to the 899 data points of WMAP. 
The corresponding ST^ is shown as dashed curve in Figures [S] and |H1 Assuming 
a flat universe, Sltot = 1-0, one obtains a broad, but extremely flat XeS'^^^^^Y 
shown in Figure 2| The best flat model is obtained for fi^ = 0.68 and = —1.0 
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Fig. 2. The same as in Fig.Qfor Htot = 0.9. Tlie curves with x^g = 990, 1000, 1100, 1200 and 
1300 are indicated. The minimum Xmin ~ occurs at fi^ = 0.59, = —0.36. 





Fig. 3. The same as in Fig.QJfor f^tot = 0.95. The curves with x^g = 980, 1000, 1100, 1200 and 
1300 are indicated. The minimum X^in ~ ^'^^ occurs at = 0.61, = —0.58. 

and is plotted as dotted curve in Figures |5l and |B| This model possesses a Xefr value 
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Fig. 4. The same as in Fig.^for S7t 
1300 are indicated. The minimum 
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of Xoff = 978. It is worth noting that the Xog" valleys get increasingly narrower with 
a horizontal alignment in Figures fll4l with decreasing fitot and thus allow only a 
small variation in w^. In the case fitot = 0.85, one observes the most confined 
valley, see Figure ^ where the best model with Jl^ = 0.54 and = —0.26 has 
Xoff = 1016. It is seen in Figures [S] and |H1 that the best models corresponding to the 
cases fitot = 0.85, 0.9, 0.95 and 1.0, respectively, are nearly degenerate with respect 
to their angular power spectrum 6Tf. The main difference occurs for small values of 
I where the integrated Sachs- Wolfe effect yields with decreasing fitot and increasing 

a larger contribution. However, this discrepancy scarcely influences the value of 
Xgjj due to the cosmic variance. In contrast, the position of the acoustic peaks and 
their relative heights are nearly indistinguishable. Even with the high accuracy of 
the WMAP data, one can hardly discriminate between these models. 

Th e identical position of the peaks is mainly due to a geometrical degeneracy 
| 22 | 1§ | arises through the angular-diameter distance dA to the surface of last 

scattering which has to be computed by (Jlc :~ 1 ~ fitot) 

dA = „ r Sk I i?ov^ / ) , (5) 



Zsisj \ Ji H{x) J 

-1, respectively. The Hubble 



where Sk{y) denotes sinhy, y, siny for k = —1,0, 
parameter H{x), a; = z + 1, is given by 



Hjx) 
Ho 



(6) 
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Fig. 5. The angular power spectrum ST^ is presented for the four best models for the cases 
Htot = 0.85,0.9,0.95 and Qtot = 1-0 and compared with the WMAlEldata. The model fits are 
determined by the minima of X^ff shown in Figures [Tito HI 
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Fig. 6. The same angular power spectra ST^ as in Figure|21are presented in a linear /-scale. 



The degeneracy due to (Ia has been discussed by several authors'' 
in particular in the neighborhood of a flat universe and for near —1. One em- 
phasis has been on the dependence of the position li of the first acoustic peak in 
the angular power spectrum of the CMB anisotropy on the various cosmological 
parameters. As a result, it has been concluded that, although there is a degeneracy 
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with respect to fl^ and w^, the position of the first peak is well suited for a de- 
termination of the curvature of the Universe. Analyzing the CMB anisotropy and 
other cosmological observations has led many cosmologists to accept that the Uni- 
verse is flat in accordance with the inflationary scenarios. However, admitting also 
quintessence models with > — 1 changes this sim ple p icture , since there exists 
now a degeneracy in the {Qtot,^<t,, w^)-spa.ce. In Ref. LLsJthe dependence of dA on 
the curvature and on w^f, has been investigated using the CMB data before WMAP 
and it has been shown that there exists a family of models with different curvature 
having all the same d^. In Figure [7| we show the position li of the first acoustic 
peak (computed using CAME) for a large class of models sharing the cosmologi- 
cal parameters f^cdm = 0.27, h = 0.70, r = 0.0 and ns = 1-0. The WMAP data 
confines the position of the first peak close to h ~ 220 The models possessing 
li = 220 are connected by the black curve in Figure □ It is worthwhile to note that 
the curve for li — 220 allows flat models as well as models with negative curvature, 
but not with positive curvature. Using the WMAP data, the best models, shown 
in Figures m and El belong to models lying close to this black curve. The existence 
of this family in the parameter space (Qtot, ^4>,w^) of equal values of h is mainly 
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due to the degeneracy in cIa- Under the assumption that the reionization has no 
significant influence on the CMB anisotropy, we conclude that this geometrical de- 
generacy allows our Universe to possess negative spatial curvature compatible with 
the new WMAP data. 

4. Polarization and the influence of early reionization 

WMAP has also obtained data for the correlation of the polarization with the 
temperature variations . This data requires an u nexpected high opt ical depth r to 
the surface of last scattering of r = 0.17±0.04Eand r = 0.17±0.07Eni. This early 
reionization erases some of the primary anisotropy below the corresponding horizon 
(reionization damping) which roughly corresponds to Z ~ 10 for the considered 
models. Thus the angular power spectrum is only slightly altered below Z ~ 10 as 
can be seen in Figure |Hti) in the case of our two best models for fitot = 1.0 and 
f^tot = 0.9, respectively. For / > 100 the reionization damping is almost independent 
of I and, thus, does not alter the peak structure. The erased power for I > 10, i. e. 
the reduced peak height (proportional to e"^"^), is compensated by increasing the 
initial perturbation amplitude in order to obtain a first peak of the right amplitude. 
As a consequence the multipoles below I ~ 10 are increased in comparison with 
models possessing negligible reionization as shown in Figure|Sl3). A close inspection 
of Figure|Slreveals that our models with negative curvature already possess a bit too 
much power for small values of /. These models have been computed with negligible 
optical depth r = to the surface of last scattering. Thus increasing the optical 
depth r increases the power for small values of I so severely that the models get 
such high values of XcS that they are very unlikely. 

Before returning to the high optical depth r, we would like to show in Figure 
|51 that our models describe the TE-correlation C™ of the polarization with the 
temperature variations for I > 6 very well. (Note that there are no free parameters, 
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Fig. 8. Panel a) shows the reionization suppression TZ := Ci(t = 0.15)/C;(t = 0.0) for the two 
"best" models for Otot = 1-0 (solid curve) and Otot = 0-9 (dashed curve), if the optical depth t 
is increased from r = 0.0 to r = 0.15. Panel b) shows 5T^ for these two cases with r = 0.0 (solid 
curves) and r = 0.15 (dashed curves). The two upper curves at low values of I belong to the case 
with Qtot = 0.9. 
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Fig. 9. The cross power spectra (I + l)Cj'^'^/(27r) are presented for the four best models for the 
cases OtQt = 0.85,0.9,0.95 and ^tot = 1-0 ^^'^ compared with the WMAF^^ data. The model 
fits are determined by the minima of x^g- shown in FigureslTltolH 
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Fig. 10. The same cross power spectra {I + 1)CJ'^/{2tt) as in Figure |5] are presented in a 
logarithmic i-scale. The large rise of the measured power for / < 10 is an indication for a very 
early reionization. 

since all parameters have alre ady been fixed by the TT power spectrum.) Here 
the data obtained by WMAP are shown in comparison with the four models 
discussed above ignoring the reionization. One observes that the oscillations are 
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very well described by all four models, and that the models are again degenerated. 
In order to emphasize the oscillations, we have chosen a scale in Figure El which 
does not show some data points below ^ < 5. In FigurelTIIIwe show the same data as 
in Figure El using a logarithmic scale. One observes that the models do not describe 
the high observed values below I <6. To describe these high values, a large optical 
depth T is required. 
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Fig. 11. The cross power spectra (l + l)C;'^^/(27r) are shown for three models with r = 0.15, 
n^, = 0.05 and f2cdm ~ 0-27. The solid curve belongs to a fiat model with fitot = l-Oi ^tt> = 0-68 
and = —1.0, the dashed curve to a model which differs from the preceding one only in the 
increased = —0.5, and the dotted curve belongs to a model where Q^j, is reduced to = 0.58, 
such that the model has Otot = 0.9. 

Figure ITTI shows three models with a large optical depth t = 0.15 and with 
fib = 0.05 and ilcdm = 0.27. The model belonging to the solid curve is a flat model, 
i. e. having fi^ — 0.68, with a cosmological constant = —1.0. This model shows 
the required increase for very small values of /. Replacing the cosmological constant 
by a quintessence component with = — 0.5 reduces the power as shown by the 
dashed curve in Figure ITTI Thus quintessence models require an even higher value 
of T in order to obtain the same high level of TE-correlation for low values of /. 
The same behavior is observed if one changes instead of the equation of state 
the curvature, i.e. f2tot- The dotted curve belongs to a model which differs from 
the one corresponding to the solid curve by a reduced = 0.58, i. e. a model with 
f^tot = 0.9. This curve reveals suppressed power at low values of I in comparison 
to the flat case. Models with negative curvature fitot < 1 require also > —1 
in order to obtain for the first acoustic peak a position around / ~ 220, as shown 
in Figure [71 However, as we have just seen, both ingredients, the increased as 
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well as the negative curvature, reduce the level of TE-correlation at low values of I. 
To describe the observed TE-correlation, extremely high values of r are required, 
and thus the reionization damping is in these cases too strong. A Universe with 
negative curvature would then only be possible if the multipoles at low values of I 
are exceptional outliers due to the cosmic variance. 

The question whether quintessence models with negative curvature are admissi- 
ble or not thus depends on the optical depth r. However, there is now some contro- 
versy whether a value of the o rder of r = 0.17 is compatible with physical models 
of structure formation. In Refs. I^SGHl it is shown that simple models of reionization 
are inconsistent with both r = 0.17 and the detection of the Gunn-Peterson trough 
in high-redshift quasars 

30 31, In Ref. a de generacy between the optical depth 
T and the spectral index ns is used to argue for a lower value of t ~ 0.11. In this 
case a more complicated mo del involving a time- dependent eff ective UV-efficiency 
is shown to be consistent with the WMAP data. In Ref. 1^ N-body simulations 
are presented which match the high value of t. However, these simulations predict 
a mass-averaged neutral fraction of ^ 1% at z ~ 13 and not at z ~ 6 as required by 
the high-redshift quasar spectra. As a plausible solution of th is p roblem, an epoch 
of recombination following the first reionization is suggested in order to have 
enough neutral matter at z ~ 6. Whether the current observed value of the optical 
depth withstands future data remains to be seen. 

5. Summary 

In this paper, we have studied quintessence models with a constant (effective) 
equation of state. Special attention has been paid to the question whether such 
quintessence models allow negative spatial curvature with respect to the WMAP 
data. The geometrical degeneracy for this model class is emphasized. Furthermore, 
it is shown that a very high optical depth r to the surface of last scattering would 
rule out models with negative curvature. If an optical depth around r ~ 0.17 will 
be established, then the Universe can be at most marginally negatively curved. A 
flat Universe would then be established not by the position of the acoustic peaks, 
which are equally well described by quintessence models with negative curvature as 
we have shown, but by the unexpected early reionization. If on the other hand, the 
optical depth would be established as negligibly small, say around r ~ 0.05, then 
there are quintessence models with negative curvature which can describe the peak 
structure due to the geometrical degeneracy in the three-dimensional (r^tot, ^ip, Wcj,)- 
space. 
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